Abstract
where η 0 is a depth-dependent viscosity prefactor, E * controls temperature-dependence and 136 T * is non-dimensional temperature, which varies from 0 at the surface to 1 at the CMB. We in the outer core beneath the CMB, with the possibility that thermal convection might be 176 suppressed there. However, it is necessary to take into account the lateral heterogeneity in 177 CMB heat flux produced by the lower mantle convection. The hatched contours in Figure   178 1 enclose regions where the local CMB heat flux q cmb exceeds 100 mW.m −2 ; these regions cover nearly 40% of the CMB at the present-day, nearly 45% at 110 Ma, and about 30% at inner core boundary associated with inner core growth. The standard approach to modeling
197
Boussinesq thermochemical convection in the outer core involves the co-density variable
where ρ oc is average outer core density, T is the outer core temperature relative to the adiabat,
199
χ is the outer core light element concentration, and α and β are volumetric expansivities for
200
T and χ, respectively. At the CMB we specify the heat flux as the sum of a global mean 201 partq cmb and a laterally varying part q cmb :
where φ and θ are longitude and co-latitude, respectively.q cmb is to be compared with the amplitude and the planform of the CMB heat flux heterogeneity.
206
Writing the codensity as the sum of global mean and laterally varying parts C =C + C ,
207
we express the CMB heat flux (3) as
where k is the outer core thermal conductivity. At the inner core boundary (ICB) we assume 209 constant codensity C = C icb .
210
We takeq cmb and q cmb from Figure 1a and convert these to codensity boundary conditions 211 using (4). We nondimensionalize these boundary conditions for input into the numerical 
where g is gravity at the CMB and Ω is the angular velocity of rotation, plus the Prandtl
219
and magnetic Prandtl numbers
where κ is diffusivity for the codensity. The heat flux boundary conditions at the CMB (4) 221 are given in terms of the dimensionless codensity (denoted with asterisks) as
where the Rayleigh numbers based on CMB heat flux are defined as
with δq cmb = max(q cmb )-min(q cmb ) and f * =q cmb /δq cmb . with Ra q /Ra = -0.08 and Ra q /Ra = 0.1, corresponding to an assumed q ad = 100 mW.m downwelling flow as they pass beneath regions with high CMB heat flux.
246
The effects of the CMB heterogeneity can be seen in the deviations from axisymmetry 247 in the time average CMB magnetic field shown in Figure 3a , including higher intensity field 248 lobes in the northern hemisphere at the longitudes where the CMB heat flux is maximum.
249
Reduced versions of these lobes are also evident in the southern hemisphere, but there the motions penetrate close to the CMB in many places in spite of the patchwork stratification.
284
We note that these weak upwellings and downwellings are nevertheless strong enough to 
288
The structure of this dynamo would likely be different had we imposed stratification on 289 the outer core, rather than allow stratification to develop from an initially adiabatic core as The minor differences inq cmb prior to 220 Ma are numerical, attributable to differences in the 300 precision of the tracer methods that are used to track the compositional heterogeneity in the 301 three cases. Overall, the variation between the three cases is generally smaller than the peak- curve is the melting curve in the core denoted by T melt , the total heat loss from the core 329 to the mantle at the CMB is denoted by Q cmb , and the total heat production within the 330 core by radioactive decay is denoted by Q rad . In calculating the evolution of the core it is 331 usually assumed that the inner core boundary is a phase equilibrium boundary between the 332 solid inner core and the liquid outer core so that T icb = T melt at r icb , the radius of the ICB.
333
We also assume, consistent with the results of our numerical dynamo, that the outer core is 
340
With these assumptions, the rate of inner core growth in response to the cooling of the 341 core can be written (Labrosse, 2003)
where the P = P l + P g + P s is the sum of individual contributions to the core energy balance 343 from latent heat release at the ICB, gravitational energy release, and secular cooling of 344 the core, respectively. Expressions for the individual contributions to P are given in the
345
Supplementary Materials section in terms of core properties. Overall, P is most sensitive to 346 the difference between the gradients of the core adiabat T ad and the melting curve T melt at 347 the ICB, i.e., the parameter
As shown in Figure 5 , the combination of large Q cmb − Q rad and small Θ implies relatively 349 fast inner core growth, whereas the combination of small Q cmb − Q rad and large Θ implies 350 12 relatively slow inner core growth.
Our procedure for calculating the evolution of the core and the inner core age consists of 352 the following steps: We first define a range of CMB heat flow based on the mantle GCMs 
366
To test the validity of these assumptions, we show in Figure 6 the variation of CMB 367 temperature and inner core radius versus age for Q cmb =12 and 14 TW and zero radioactivity,
368
Q rad =0, calculated from the core evolution model described in the Supplementary Materials 369 section using the parameters in Table 2 . For these cases the decrease in the CMB temperature is also substantially less than one terawatt. Therefore, taking 1 TW as an upper bound 398 on total radioactive heat production in the core, the maximum ICN age within the dashed 399 boxes in Figure 7c is about 1100 Ma.
400
There is an additional constraint on core evolution related to its ability to sustain the 401 geodynamo, which further restricts inner core age. Since we know that the geomagnetic Figure 7 is Rm=100.
416
The boundaries separating subcritical and supercritical dynamo regimes depend sensi- radioactive heating in the core, and within 1100 Ma, even if radioactive heating is abundant.
454
By the same token, our models permit inner core ages as young as 400 Ma. 
469
The results in Figure 7 also bear on the question of subsolidus thermal convection within 470 the inner core, which depends on whether the temperature profile in the inner core is suba- 
where dT melt /dT ad is the ratio of the Clapeyron slope dT melt /dP over the adiabatic gradient 477 dT ad /dP , and κ ic is the thermal diffusivity in the inner core. If the inner core is assumed 478 to grow as r icb ∝ √ t (Labrosse, 2014), a reasonable approximation to the growth curves in Figure 6 , then (12) can be re-written as a criterion on the maximum ICN age τ ICN that
480
would generate a superadiabatic temperature profile in the inner core:
(Deguen et al., 2011).
482
The thermal conductivity in solid iron at inner core conditions is likely to be even larger 7 Implications for mantle circulation, past and future
495
The core evolution calculations in the previous sections could be extended to greater age,
496
however it would be necessary to couple the core evolution more directly to the mantle 497 evolution, allowing the CMB temperature to change with time, and in addition, assumptions from the National Science Foundation. We thank the two referees for insightful reviews.
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Supplementary Material
522
The evolution of the inner core radius can be written as
with P = P l + P g + P s is the sum of contributions from latent heat release, gravitational energy release and release of sensible heat. Individually these can be expressed as (Labrosse;
2003)
where the radial profiles of density ρ, gravity g, melting temperature T melt , and temperature T = T ad in the outer core are given by
Here T meltc is the melting temperature at the center of the core, r icb the radius of the inner 
Integrating (14) backward in time from present-day conditions using the parameters in 
which completes the core evolution model.
537
For the dynamo, the various buoyancy sources in the outer core are defined by the 538 following five Rayleigh numbers:
and
where h is the volumetric heat source density andθ ad = 
20 in which F is the sum of the buoyancy productions at the ICB and CMB, according to
Here the factor c is meant to absorb the effects of inner core size and stratification. For notation, Ra Q is related to Ra and the boundary conditions on codensity according to.
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